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Abstract
Improvement of soft clay deposits by the installation of stone columns is one of the most popular
techniques followed worldwide. The stone columns not only act as reinforcingmaterial increasing the
overall strength and stiffness of the compressible soft soil, but they also promote consolidation through
effective drainage. The analytical and numerical solutions available for ascertaining the response of
column-reinforced soil have been developed on the basis of the equal strain hypothesis. For typical
surcharge (embankment) loading, the free strain analysis appears to give more realistic results
comparable to field data. The paper presents a novel numericalmodel (finite-differencemethod) to analyze
the response of stone column-reinforced soft soil under embankment loading, adopting the free strain
approach and considering both arching and clogging effects. Apart from predicting the dissipation of
excess pore water pressure and the resulting consolidation settlement with time, the load transfer
mechanismand the extent of ground improvement are some of the salient features captured by the
proposedmodel. The proposedmodel is validated by comparing with existingmodels and field data, which
indicate the suitability and accuracy of the solutions. The proposed model is also applied successfully to
selected case studies.
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Abstract: Improvement of soft clay deposits by the installation of stone columns is one of the most popular techniques followed worldwide. The
stone columns not only act as reinforcing material increasing the overall strength and stiffness of the compressible soft soil, but they also promote
consolidation through effective drainage. The analytical and numerical solutions available for ascertaining the response of column-reinforced soil
have been developed on the basis of the equal strain hypothesis. For typical surcharge (embankment) loading, the free strain analysis appears to
give more realistic results comparable to ﬁeld data. The paper presents a novel numerical model (ﬁnite-difference method) to analyze the response
of stone column–reinforced soft soil under embankment loading, adopting the free strain approach and considering both arching and clogging
effects. Apart from predicting the dissipation of excess pore water pressure and the resulting consolidation settlement with time, the load transfer
mechanism and the extent of ground improvement are some of the salient features captured by the proposed model. The proposed model is validated
by comparing with existing models and ﬁeld data, which indicate the suitability and accuracy of the solutions. The proposed model is also applied
successfully to selected case studies. DOI: 10.1061/(ASCE)GT.1943-5606.0000789. © 2013 American Society of Civil Engineers.
CE Database subject headings: Finite difference method; Foundation settlement; Numerical models; Soft soils; Soil permeability; Stone
columns; Arches.
Author keywords: Finite-difference method; Foundation settlement; Numerical models; Soft soils; Soil permeability; Stone columns.

Introduction
Reducing long-term settlement of infrastructure and providing costeffective foundations with sufﬁcient load-bearing capacities are national priorities for infrastructure development in most countries. Soft
soil foundations can cause excessive settlement, initiating undrained
failure of the infrastructure if proper ground improvement is not
carried out (Indraratna et al. 1992). Therefore, it is imperative to apply
adequate ground improvement techniques to the existing soft soils
before construction to prevent unacceptable excessive and differential
settlement and increase the bearing capacity of the foundations.
Among various methods of soft soil improvement, reinforcing the ground by installing stone columns is one of the well1
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established and effective techniques practiced worldwide (Wang
2009). As reported by Guetif et al. (2007), the stone columns not
only act as reinforcement, possessing greater strength and stiffness
in comparison with the surrounding soil, but they also speed up the
time-dependent dissipation of excess pore water pressure caused
by surcharge loading due to shortening the drainage path.
Various analytical and numerical solutions have already been
developed for understanding the load transfer mechanism of soft
soil reinforced with stone columns. Among the most signiﬁcant
contributions, the studies by Alamgir et al. (1996), Wang (2009),
Han and Ye (2000, 2002), Malarvizhi and Ilamparuthi (2008), Lo
et al. (2010), and Murugesan and Rajagopal (2010) are noteworthy.
All of these solutions are based on the unit cell analysis assuming
the equal strain hypothesis. Alamgir et al. (1996) carried out a free
strain analysis, but the time-dependent consolidation of soil was
not considered. However, the equal strain assumption is strictly
valid only when the surcharge load applied on the ground surface is
of a rigid nature. Understandably, this will result in an unequal
distribution of stress induced on the soil surface. In the case of
embankment loading, the ﬂexible nature of the applied surcharge is
most likely to induce an equal distribution of surface load resulting
in uneven surface settlement or free strain, as described by Barron
(1948). However, the true nature of embankment surcharge loading
is neither fully ﬂexible nor purely rigid, but at an intermediate state
between the free strain and equal strain conditions. Terzaghi (1943)
showed that the ﬂexibility of the granular platform depends on both
its density and thickness. In the ﬁeld, it is suggested that the overall
shear stiffness of the platform is to be measured for classifying the
loading distribution pattern. The equal strain condition occurs
when the platform layer thickness and the soil density increase.
In the ﬁeld, in the proximity of the embankment centerline, the
condition of negligible lateral displacement can be justiﬁed by the
use of the unit cell approach. In the past, Lorenzo and Bergado
(2003) and Murugesan and Rajagopal (2010) successfully demonstrated the use of unit cell analysis to capture the behavior of soil
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improved by stone columns at the centerline of the embankment.
However, the authors agree that the unit cell analysis may not successfully predict the overall behavior in a large project where hundreds
of columns are installed, and it is recognized that the analysis would
only be accurate at the proximity to the embankment centerline.
Elsewhere, i.e., toward the embankment toe, the single column
analysis deviates from accuracy because of the nonuniform surcharge
load distribution, large strain conditions, increased lateral yield,
effects of changing embankment geometry, and heave at the toe.
For a typical ﬁll embankment, the behavior of the soil-stone
column system is time dependent. Initially, most of the imposed
total stress is taken by the increased (excess) pore water pressure.
Because of the dissipation of excess pore pressure, progressive
settlement of the soft clay and arching occurs, where the weight of
the ﬁll is expected to arch over to the stone columns, resulting in an
uneven distribution of vertical stress on the ground surface. This
phenomenon is duly supported by numerous other studies (Low
et al. 1994; Abusharar et al. 2009; Deb 2010).
Because of the migration of clay particles from soil into the pores
of the column, a clogged zone may be formed within the column in
the vicinity of the soil-column interface (Adalier and Elgamal 2004).
Also, as a result of installation, a smear zone is developed in the soil
adjacent to this interface (Han and Ye 2002).

objective of the analysis is to compute the excess pore water
pressures and the effective stresses developed at each separator at the
corresponding time and thereby compute the other time-dependent
variables such as the degree of consolidation. In this paper, these
separators are denoted as nodes. The soil elements are understandably ring-shaped.
The speciﬁc time tt is the desired time of computation to be chosen
arbitrarily, and it is not the total time required to achieve the desired
degree of consolidation. The parameters for soil consolidation and
settlement are computed at the end of this time interval tt . If necessary,
further computation can be carried out using these values as the initial
input parameters and choosing a new time interval tt .
Han and Ye (2002) stated that for a typical stone column, rs =rc
varies from 1 to 1.2 and kh =ks is usually in the order of 10, where, rs is
the radius of smear zone, and kh and ks are the horizontal permeability
of soil in the undisturbed and smear zones, respectively. In the analysis
of Wang (2009), the value of rs =rc was assumed in the range of 1–2 and
ks =kh as 0.1. As reported by Walker and Indraratna (2006), the ratio
of rs =rc usually varies between 2 and 3, and the permeability of soil in
the smear zone decreases in a parabolic pattern with radial distance.
The phenomenon of clogging is separately discussed in the
section, Effect of Clogging.
Assumptions

Numerical Analysis

where qs 5 uniform surcharge load intensity on the embankment
ﬁll, and ge and He 5 unit weight and maximum height of the
embankment, respectively.

The analysis was carried out based on the following assumptions:
1. All the compressive strains within the soil mass and the stone
column occur only in the vertical direction;
2. The elastic settlements of the ground and the column are
insigniﬁcant compared with the consolidation settlement;
3. The soil is fully saturated and the water is incompressible;
4. Darcy’s law is valid, and the ﬂow of water through the soil is
purely horizontal (radial toward the column). No ﬂow of water
takes place through the cylindrical boundary and the impervious base of the unit cell; and
5. The coefﬁcients of permeability and compressibility of the soil
remain constant during the process of consolidation.

Statement of the Problem

Arching Effect

The idealized problem is depicted in Figs. 1(a and b). The soft clay
layer of thickness H has been assumed to overlay on an impervious
rigid boundary and is improved by a group of stone columns having
a radius of rc each, extended to the bottom of the clay layer. The unit
cell approach that adequately represents the true response of reinforced ground (Balaam et al. 1977) is considered in the current
analysis. As described by Wang (2009), the radius of the inﬂuence of
the unit cell is calculated by

Soil arching is a common phenomenon for stone column–reinforced
soft soil beneath embankments. Arching initiates a reduction of the
vertical stress acting on the relatively soft soil while increasing in the
vertical stress on the stiffer columns (Deb 2010). As pointed out by
Low et al. (1994), the arching effect induces a nonuniform distribution of vertical stress on the ground surface [Fig. 3(a)].

The numerical model is formulated considering a steady and uniform load intensity imposed on the ground surface caused by the
self-weight of the embankment, apart from the instantaneous surcharge load applied at the top of the embankment. The average load
intensity on the ground surface may therefore be written as
q ¼ q s þ g e He

re ¼ sg s

ð1Þ

ð2Þ

where s 5 center-to-center distance between the adjacent columns,
and sg 5 geometric constant that depends on the pattern of stone
column installation.
The cross section of the entire zone of the unit cell is divided into
four distinct zones [Fig. 1(c)], viz., the unclogged column zone, the
clogged column zone, the smear zone adjacent to the column, and the
outer undisturbed soil zone. As shown in Fig. 2, the soil mass within
the unit cell was divided both radially and vertically into (m 2 1) and
(n 2 1) number of equal divisions, respectively; m and n are positive
integers greater than unity, such that each of these divisions may
be expressed, respectively, as dr 5 ðre 2 rcÞ=ðm 2 1Þ and dz 5 H=
ðn 2 1Þ. The total time interval of computation tt is divided into
(p 2 1) number of equal divisions, i.e., dt 5 tt =ðp 2 1Þ. The primary

Load Transfer at the Interface between Soil and Column
As discussed by Han and Ye (2002), one of the major differences
between stone columns and drain wells is that stone columns have
a higher stiffness ratio of the columns to the soil, resulting in a much
greater stress transfer from the soil to the columns. Immediately after
the embankment load is applied on the reinforced ground surface,
both the column and the surrounding soil undergo undrained elastic
settlements. With the assumptions that the deformations take place
only along the vertical direction and there is no differential settlement at the interface between the column and the surrounding soil,
the ratio of vertical stresses induced at the interface between
the column and the soil has been found proportional to the modular
ratio of the reinforced soft ground (Han and Ye 2000; Castro and
Sagaseta 2009). Denoting the ratio of the stress on the stone column
to that on the surrounding soil as ns , the steady stress concentration
ratio, the following equation was obtained:
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Fig. 1. (a) Typical stone column–reinforced soft clay deposit supporting an embankment; (b) unit cell idealization; (c) cross section of the unit cell

qc =q1 ¼ ns

ð3aÞ

where qc and q1 5 average vertical stresses on the column and the
soil at the ground surface, respectively, at the interface, and ns 5
steady stress concentration ratio.
With the progressive bulging of the column in the vicinity of the
ground surface and the development of plastic strain, the stress
concentration ratio changes with time. In this analysis, however,
the bulging of column was not considered; thus, the computed
settlements remain constant at the interface. Following the analysis
of Han and Ye (2000) regarding the coefﬁcient of compressibility
of an elastic body, the following correlation between ns and the
elastic moduli of the column and the soil was introduced:

ns ¼ x

Ec
Es

ð3bÞ

where Ec and Es 5 elastic moduli of the column and the surrounding
soil, respectively, and x 5 function of the Poisson’s ratios of the soil
and the column.
As mentioned by Castro and Sagaseta (2009), the constrained
modular ratio between the column and soil varies in the range of 10–
50, although the lateral expansion of the column (bulging) reduces
the stress concentration ratio ns signiﬁcantly. They also mentioned
that the plastic strains developed in the column can further reduce the
value of ns to a value as low as 5. On the basis of the theoretical and
experimental investigations conducted by Barksdale and Bachus
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Fig. 2. Discretization of soil into elements within the unit cell

Fig. 3. (a) Vertical stress distribution on the ground surface; (b) arching effect in the embankment
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(1983), the range of ns was reported as 3–10, whereas Mitchell
(1981) reported this range to be 2–6 based on ﬁeld studies. As further
suggested by Han and Ye (2002), the typical value of ns ranges
between 2–5.
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Vertical Stress Distribution on Soil
Following the analysis of Low et al. (1994), the compatibility
equation for the element within the embankment material shown in
Fig. 3(b) can be written as
s 2 su
dsR
þ R
þ ge ¼ 0
dR
R

ð4Þ

where sR and su 5 stresses in the soil element along the directions of the global coordinates R and u, respectively.
For limit analysis, su 5 Kp sR , where Kp is the coefﬁcient of
passive earth pressure of the embankment material. Therefore,
Eq. (4) can be written as


sR 1 2 Kp
dsR
þ ge ¼ 0
þ
R
dR

ð5Þ

Considering the value of radial stress sR along the midway between
the consecutive columns at R 5 re as the boundary condition,
i.e., sR 5 ge ðHe 2 re Þ 1 qs at R 5 re , the solution to the differential
equation [Eq. (5)] can be expressed by



sR ¼ g e ðHe 2 re Þ þ qs 2 ge re = 2Kp 2 2


 ðR=re Þð2Kp 21Þ þ ge R= 2Kp 2 2

qðre Þ ¼ q2

ð8aÞ

2. Because of the axi-symmetry of the unit cell, the value of
½∂qðrÞ=ð∂rÞdiminishes at the boundary of the unit cell; hence
dqðre Þ
¼ 0
dr

ð8bÞ

3. The total vertical load imposed on the surface of the unit cell is
equal to the sum of the loads imposed on the soil and that
carried by the column; thus
ðre
2p rqðrÞdr þ qc prc2 ¼ ðqs þ ge He Þpre2

ð8cÞ

rc

These conditions are fulﬁlled when the load distribution function
is expressed in the following form:
 2

2
2 ðqs þ g e He ÞN 2 q2 N þ ns 2 1
qðrÞ ¼ q2 þ ðN 2 r=rc Þ
ðN þ 3ÞðN 2 1Þ3 =6 þ ns ðN 2 1Þ2
ð8dÞ
The average vertical stress on the soil surface of the unit cell is given by
qav ¼

qpre2 2 qc prc2
qN 2 2 qc
¼
2
2
pðre 2 rc Þ
N2 2 1

ð8eÞ

ð6Þ
Consolidation of Soft Clay

Following the analysis of Abusharar et al. (2009), the imposed load
intensity on the ground surface at r 5 re may be written as

 

q2 ¼ ge rc ðN 2 1Þ Kp 2 1 = Kp 2 2


 

þ qs þ ge He 2 Kp 2 1 = Kp 2 2 ð1 2 1=NÞðKp 21Þ
ð7Þ
where N 5 re =rc .
The stone columns possess higher stiffness in comparison with
the surrounding softer soil. Because of this signiﬁcant column to soil
stiffness ratio and the ﬂexible nature of the embankment, the ﬁll
weight would arch over the stone columns (Lo et al. 2010) and
impose an uneven load distribution on the surface [as represented by
Eq. (8d)]. When the external load is applied on the unit cell, the
column deforms under the loading, and the surrounding soil offers
passive resistance against the outward lateral strains of the column.
Therefore, the passive state is enforced only at the soil column
interface and not anywhere else in the soft soil within the unit cell
where the K0 state is valid. During the process of consolidation, the
soil in the unit cell remains at the K0 state, although differential
settlement occurs at the soil surface following the free strain hypothesis (described in the subsection Consolidation of Soft Clay)
that results in the development of vertical shear stress. Considering
a passive state to occur in the ﬁll in the region above the stone column
(Fig. 3), the value of q2 is justiﬁed.
The imposed load intensity on the soil surface at a radial distance
r is hereby denoted as qðrÞ, which was quantiﬁed using the following
boundary conditions:
1. The imposed load intensity on the ground surface over the
boundary of the unit cell is q2 , i.e.,

Dissipation of Excess Pore Pressure
Considering a ring element of soil mass at a radial distance r, depth z,
and time t (Fig. 4), the volumetric strain ɛ v induced in the soil element
is given by (detailed derivation is presented in the Appendix)


2
∂ɛ v
¼ 1 dV ¼ 2ðkh =gw Þ 1 ∂u þ ∂ u2
ð9Þ
V dt
r ∂r
∂r
∂t
where ɛ v 5 volumetric strain in the element; V 5 volume of the
element; u 5 excess pore water pressure; and mv 5 coefﬁcient of
volume compressibility of the soil. It may be noted that as per
Assumption 3, u is a function of the radial distance r and the time t,
but not of the depth z. The excess pore pressure at any ith radial node
and kth time instant is hereby denoted as uði, kÞ.
On the basis of Assumption 1, the rate of excess pore pressure
dissipation ð∂uÞ=ð∂tÞ can then be expressed as


∂u ¼ c 1 ∂u þ ∂2 u
vr
∂t
r ∂r
∂r2

ð10Þ

where cvr 5 coefﬁcient of radial consolidation of the soil 5 kh =
ðmv gw Þ.
Expressing Eq. (10) in a ﬁnite-difference form, the following
matrix equation can be obtained:
½Afug ¼ fbg

ð11Þ

where ½A 5 coefﬁcient matrix of order mp 3 mp, fug5 unknown
vector of order mp 3 1 for excess pore water pressure, and fbg5
augment vector of order mp 3 1.

JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGINEERING © ASCE / MARCH 2013 / 381

J. Geotech. Geoenviron. Eng. 2013.139:377-394.

Downloaded from ascelibrary.org by UNIVERSITY OF WOLLONGONG on 04/15/13. Copyright ASCE. For personal use only; all rights reserved.

Fig. 4. Typical soil element in the unit cell

The matrices in Eq. (11) are deﬁned in the Appendix.
In formulating ½A in Eq. (11), the following boundary conditions
were considered:
1. At t 5 0, uði, kÞ 5 u0 ðiÞ for i 5 1,2,3, . . . ,m;
2. Because the column material is assumed as freely draining, no
excess pore water pressure is developed at the interface at
t . 0. Mathematically, uð1, kÞ 5 0 for k 5 2,3,4, . . . ,m; and
3. At r 5 re , ∂u=∂r 5 0.
Solving Eq. (11), the unknown vector fug can be evaluated.
The average excess pore water pressure ðut Þ in the soil elements
can be expressed by
ut ¼

1
pðre2 2 rc2 Þ

ðre
2pru dr

rði, j, kÞ ¼ mvi ½H 2 ð j 2 1Þdz ½uði, 1Þ 2 uði, kÞ

where mvi is the coefﬁcient of volume compressibility of soil at
the ith nodal point.
The average settlement at the ground surface was computed as
the weighted average and is expressed by
1
rðkÞ ¼
pðre2 2 rc2 Þ

ð12Þ
The average excess pore water pressure at any given time t is
computed as the weighted average of the nodal pore pressures uik
within the soil of the unit cell. The average degree of consolidation is
now given by


U t ¼ 1 2 ut =u0  100%

ð13Þ

Settlement of Soft Clay
The displacement of a point (r, z) within the soil mass of the unit cell
at time t is given by (more details in the Appendix)
ð
ðt H
r ¼ 2

mv
0 z

∂uðr, zÞ
dz dt
∂t

ð14Þ

ðre
2prr dr
rc

(
2
¼ 2
rc rð1, 1, kÞ þ re rðn, 1, kÞ
re 2 rc2

rc

(
)
m21
P
2
rc uð1, kÞ þ re uðn, kÞ þ
½rc þ ði 2 1Þdr uði, kÞ
¼ 2
re 2 rc2
i¼2

þ

m21
P

)

½rc þ ði 2 1Þdr rði, 1, kÞ

ð15bÞ

i¼2

Both the permeability and compressibility parameters change nonuniformly with the radial distance within and just outside the smear
zone, as elaborated by Indraratna and Redana (1997, 1998), supported by large-scale consolidation test data. However, to simplify
the mathematical formulation of already complex equations, a reduced lateral permeability was assumed as an equivalent average
(constant) across the smear zone annulus, and accordingly, the
lateral coefﬁcient of consolidation (cvr ) is also changed proportionately. With this consideration, the coefﬁcient matrix ½A in
Eq. (11) was formulated. This assumption may lead to a slight
overestimation of the settlement, but it facilitated a useful solution to
otherwise complex equations.
Effective Stress in the Soil
The effective stress developed in the soil mass at any point (r, z, t) in
the space-time coordinate may be expressed by (Khan et al. 2010)
s0 ðr, z, tÞ ¼ g0 z þ qðrÞ 2 uðr, tÞ

Expressed in numerical notation, Eq. (14) can be rewritten as

ð15aÞ

where g 0 is the effective unit weight of the soil mass.
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ð16aÞ

Expressing in numerical notation leads to
s0 ði, j, kÞ ¼ g0 ðj 2 1Þdz þ qðiÞ 2 uði, kÞ

ð16bÞ
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Effect of Clogging
The performance of stone columns in dissipating excess pore
pressure can be adversely affected by clogging. Because of the
high hydraulic gradient at the soil-column interface, migration of
clay particles into the pores of the granular column inevitably
occurs, resulting in a signiﬁcant decrease in the column permeability (Adalier and Elgamalal 2004). This initiates a reduction in
the effective radius of the column in terms of drainage, as well as
reducing the permeability in the clogged zone. The effective radius
of the column with clogging may be expressed by
rc0

¼ a rc

The undrained shear strength of clay is an important parameter
for stability analysis of the embankment. The ground improvement
factor v of the reinforced soil at any kth time instant has been
deﬁned as the minimum value of the ratio of the instantaneous to
the initial values of the undrained cohesion in the soft soil within
the unit cell. Thus
v ¼ min½cu ði, j, kÞ=cu0 

Similarly, the increase in stiffness of the soft soil may be expressed as
a settlement factor j that is deﬁned herein as the ratio of the average
ground settlements of the reinforced to unreinforced soils at 90%
consolidation. Similarly, the increase in stiffness of the soft soil caused
by reinforcement was expressed as a settlement factor j deﬁned as
j ¼

ð17Þ

where a 5 nondimensional factor in the range 0 , a # 1: fresh or
ideal stone columns with no clogging are characterized by a 5 1,
whereas total clogging is represented by a 5 0.
Also, the coefﬁcient of horizontal permeability in the clogged
zone may be written as
kcl ¼ ak ks

ð18Þ

where ak 5 ratio of horizontal permeability of the clogged column
zone to that of the smear zone. Limited information (Mays 2010)
available about the range of this parameter suggests that 0 ,
ak # 1.
Along the radial direction, the entire region including the soil
and the clogged zone is discretized into (m 2 1) number of elements such that dr 5 ðre 2 r 0c Þ=ðm 2 1Þ. In terms of drainage, the
permeability of the clogged zone is taken into consideration, and
Boundary Condition 2 in section Consolidation of Soft Clay is
altered accordingly. The remaining analysis is similar to the case
without clogging. The effect of clogging has been studied in terms
of the nondimensional parameters a and ak , the values of which
may be reasonably estimated by conducting rigorous experiments
(Reddi et al. 2000; Hajra et al. 2002).

ð20Þ

r90
ru90

ð21Þ

where r90 and ru90 5 average settlements at the ground surface
of the reinforced and the unreinforced soil at 90% consolidation,
respectively. The settlement of unreinforced soil has been computed
using Terzaghi’s one-dimensional consolidation theory. The settlement values at 90% consolidation are considered practical from
a design aspect. Theoretically, the degree of consolidation increases
exponentially with time, and it is difﬁcult to compute the ﬁnal
settlement of the reinforced soil at the ground surface at 100%
consolidation using the present numerical model.
Computational Algorithm
To execute the analysis, a computer program was written in FORTRAN
90, using the following computational algorithms:
1. Using the input data for soil and column properties, clogging
parameters, stress distribution coefﬁcients, embankment characteristics, and time, the vertical stress distributions on the soil
surface and the column were calculated by Eq. (8d).
2. The nodal excess pore water pressures in the soil were computed using Eq. (11).
3. The average degree of consolidation, nodal and average ground
settlements, and nodal effective stresses in the soil are calculated using Eqs. (12)–(16).
4. The improvement and settlement factors are computed.

Improvement of Soft Clay
During consolidation, the undrained strength and stiffness of the soil
increase progressively. Umezaki et al. (1993) developed an analytical model to predict such an increase in undrained shear strength
of soft clay as a function of the degree of consolidation. Following
this analysis of the correspondence between the effective stress, void
ratio, and undrained shear strength of soft clay, the undrained cohesion at any point (i, j, k) in the space-time coordinate system may
be written as
cu ði, j, kÞ ¼

cu0 þ zc ð j 2 1Þdz
e0 2 eði, j, kÞ
12
mvi ð1 þ e0 Þs0 ði, j, kÞ

ð19Þ

where cu0 5 initial undrained cohesion of the soil at the ground
surface; zc 5 rate of increase of undrained cohesion with respect
to depth, assuming the same to be linearly increasing; e0 5 initial
void ratio of the soil; eði, j, kÞ 5 reduced void ratio of the soil at
point (i, j, k), which may be reasonably estimated from the
e-s0 curve. The basis of derivation of Eq. (19) is given in the
Appendix.

Validation of the Model
To verify the accuracy of the model developed, some comparisons
are made with the available models and ﬁeld test results. First, the
comparison of the average degree of consolidation by radial drainage was only made with the existing models of Han and Ye (2000,
2002) and Wang (2009). The computational parameters adopted
are the same as those used by Han and Ye (2002), i.e., N 5 2,
kh =ks 5 10, rs =rc 5 1:1, H=rc 5 20, ns 5 3, and a 5 ak 5 1. The
variations of the average degree of consolidation with the time factor
are presented in Fig. 5. The results obtained using the present model
are in agreement with the other solutions acceptably close to that of
Han and Ye (2002).
Oh et al. (2007) carried out ﬁeld tests in soft estuarine clays in
Queensland, Australia, with a trial embankment incorporating three
separate sections: two sections with stone columns of 2- and 3-m
spacing (square pattern) and a reference section without any stone
columns. A comparison of computed ground settlements using the
present methodology with the ﬁeld results is presented in Fig. 6. The
computational parameters used here are adopted from Oh et al.
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(2007) and are presented in Table 1. The computed settlements,
although slightly overpredicted, are in reasonable agreement with
the ﬁeld data. When the clogging effect is incorporated (a 5 0:5,
ak 5 1), the predicted settlements are observed to attain values even
closer to the ﬁeld measurements.
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Parametric Studies
The numerical model developed was used for understanding the
response of a prototype stone column–reinforced soil under step
loading. The same ﬁeld data of Oh et al. (2007) as described in
the section Validation of the Model is used for the parametric
study, except for the column parameters, which are rc 5 0:5 m and

re 5 1:5 m. The clogging effect is considered in the analysis.
Analysis is carried out with the number of separators m 5 n 5 31
with 900 ½5ðn 2 1Þ2  soil elements and 961ð5n2 Þ nodes.
The time variation of the average degree of consolidation with
and without clogging is shown in Fig. 7(a). For a given value of Tr ,
the degree of consolidation decreases with increasing values of a.
Furthermore, for a given value of a, the degree of consolidation
decreases with the reduction of ak . These observations reasonably
justify the effect of clogging within the stone column, reﬂecting
the resistance to drainage and thereby retarding the overall
consolidation.
The time variation of average excess pore water pressure in the
soil with and without clogging is depicted in Fig. 7(b). The average

Fig. 5. Comparison of computed rates of consolidation using different methods

Fig. 6. Comparison of computed settlement with ﬁeld test results of Oh et al. (2007)
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Table 1. Input Parameters for the Case Studies
Value
Material
Soft clay
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Embankment

Stone column/PVD

Parameter

Oh et al. (2007)
29

Coefﬁcient of horizontal permeability (kh )
Coefﬁcient of volume compressibility (mv )
Normalized horizontal permeability of smear
zone (ks =kh )
Normalized radius of smear zone (rs =rc )
Depth of soft clay (H)
Height (He )
Unit weight (g e )
Imposed load intensity on the embankment (qs )
Passive earth pressure coefﬁcient (Kp )
Radius of stone column/PVD (rc )
Radius of unit cell (re )

Stress concentration ratio (ns )
Radius factor of clogging (a)
Permeability factor for clogging (ak )
a
Assumed for the present analysis after Han and Ye (2002).
b
Assumed for the present analysis after Walker and Indraratna (2006).
c
Assumed for the present analysis.

excess pore pressure was normalized by the applied vertical stress on
the ground surface. Excess pore pressure asymptotically decreases
with time. The resistance to excess pore pressure dissipation caused
by clogging is observed as well.
The normalized ground settlement with and without clogging is
presented in Fig. 7(c). The average ground settlement asymptotically increases with time. The effect of clogging is found to inﬂuence the pattern of settlement at an initial stage of consolidation
(0 , Tr , 0:04) as a increases from 0.5 to 1.0. However, because
the stress distribution remains unaltered, the ultimate values of
settlement seem to be the same, and the effect of clogging only
retards the rate of consolidation.
The vertical stress distributions on the ground surface for
the values of ns as 5, 10, and 15 are presented in Fig. 8(a), whereas
the typical settlement proﬁles in the unit cell at time 100, 250,
and 400 days with and without clogging are shown in Figs. 8(b
and c), respectively. All the ground settlement proﬁles are
observed to be parabolic in shape, with the slope gradually diminishing with radial distance to zero at the unit cell boundary.
When clogging is ignored, the ground settlement at the interface
remains steady. The clogging effect initiates progressive increase
of the ground settlement at the interface with time. This is understandable because the excess pore water pressure always
remains zero at the interface for t . 0 as per the boundary condition adopted for the unclogged stone column, whereas the excess pore pressure gradually diminishes with time when clogging
is considered.
The stone columns with higher strength and stiffness carry a
greater vertical stress on the top with respect to the surrounding soil.
The pattern of variation between the stresses on the stone column
and the soil and the corresponding stress concentration ratio ns was
studied. Figs. 9(a and b) show the plots between the average vertical
stresses on the top of the column (qc ) and the soil surface of the unit
cell (qav ), respectively, normalized by the overall vertical stress
(5qs 1 ge He ) and the stress concentration ratio ns . With an increase
in the normalized vertical stress on the column within the range 2.3–
6.3, the resulting stress concentration ratio ns has been observed to
increase sharply from 2 to 14 following a hyperbolic pattern with

Indraratna (2009)

1:6 3 10 m=s
2 3 1026 m2 =N
0.1a

1 3 1029 m=s
3 3 1026 m2 =N
0.333b

1.15a
16 m
4m
20 kN/m3
0
3c
0.5 m
1.13 m (spacing: 2 m);
1.695 m (spacing: 3 m)
7
As given in Fig. 12

2.5b
20 m
4.3 m
20 kN/m3
0
3c
0.017 m
0.565 m
1
1
1

increasing slope [Fig. 9(a)]. The rate of stress increment is significantly high in the range of 2 , ns , 8 and stabilizes thereafter. On
the contrary, with the increase in the average stress on the soil surface
from 0.1 to 0.5, the parameter ns is observed to decreases almost
exponentially [Fig. 9(b)].
Apart from the strength and stiffness of the soft clay and the
stone column material, the radius and spacing of the stone columns
are the important design parameters for a reinforced soil-stone
column system. With this in mind, the effect of the parameter N
and H=rc on the settlement and consolidation parameters is examined. The ranges of values of these two parameters were chosen
as 2–5, and 25–40, respectively, which are close to the ﬁeld values.
Within the selected range of N and H=rc in the present analysis, the
settlement factor j is observed to vary from 0.70 to 0.92 [Fig.
10(a)]. With an increase in N, the value of j is observed to increase
in a curvilinear manner, with a stable trend for N . 3:5. Conversely,
j decreases with H=rc , as shown Fig. 10(b), but the rate of such
decrease is marginal when H=rc $ 30.
In the semiempirical method suggested by Priebe (1995), the
linear elastic theory was adopted to predict the settlement of the
columnar-reinforced soft soil. Ellouze et al. (2010) pointed out
several inconsistencies of the assumptions made in the method. The
present model computes the settlement of the soft ground and
considers the volumetric compressibilities of the soil and that of the
column using the radial consolidation theory. Conversely, the settlement of the unreinforced soft soil is calculated from Terzaghi’s
one-dimensional consolidation theory. Hence, the computed settlements are essentially time dependent. Kempfert (2003) and Raithel
et al. (2005) suggested that the settlement factor j varies in the range
of 0.4–20. However, because of a different column to soil stiffness
ratio, the average settlement of the reinforced soil at a speciﬁed
degree of consolidation should be lower compared with that of the
untreated soft ground, which essentially implies that j , 1. In the
current analysis, the computed range of 0.70–0.92 of the settlement
factor j is in agreement with the available literature and is therefore
logical.
The variation of the time required for a speciﬁed degree of
consolidation with N is studied [Fig. 10(c)]. A modiﬁed time factor
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Fig. 7. Time variation of (a) average degree of consolidation; (b) average excess pore pressure; (c) normalized average ground settlement

Tr 0 ð5cvr t=H 2 Þ, which eliminates the effect of variation of rc , was
used to normalize the time. For achieving an average degree of
consolidation of 90%, the normalized time increases with N following a curvilinear pattern, with the slope of the curves initially
decreasing with increasing values of N in the range 2 , N , 3 and
thereafter slowly increasing for N . 3.
The variation of the improvement factor v [see Eq. (20)] with
time and imposed load intensity are examined in Fig. 11. On the basis
of the stability analysis of the embankment, the imposed load needs
to be less than 200 kPa to prevent failure. It is observed in Fig. 11(a)
that v increases sharply with time for t , 10 months (Tr , 0:23),

after which the value of v stabilizes asymptotically. With the increase in load intensity, v increases fairly linearly as shown in
Fig. 11(b). It is well known that the undrained shear strength of the
surrounding soil depends on the amount of surcharge pressure and
corresponding consolidation. At higher loading intensity, the surrounding soil will be subjected to a greater consolidation and hence
attain higher undrained shear strength. In other words, at higher
loads than the present loading conditions, a higher improvement
factor will be attained. For the selected range of imposed load intensity on the ground surface, the improvement factor was observed
to vary in the range of 2.94–8.5.
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Fig. 8. Settlement analysis in the unit cell: (a) vertical stress distribution on the ground surface; (b) ground settlement proﬁle considering no clogging;
(c) ground settlement proﬁle considering clogging

Special Case: Application of the Model to
Prefabricated Vertical Drains
Apart from stone columns, the installation of prefabricated
vertical drains (PVD) is one of the most popular techniques used
worldwide for the improvement of soft clay (Indraratna 2009).
In the case of PVDs, the distribution of the vertical stress on the
ground surface is uniform (5the applied load intensity) as shown

in Fig. 3(a), due to both the absence of stress concentration
and insignificant arching. Also, clogging of PVDs is usually
rare. Therefore, the proposed model can be applied to PVDs by
ignoring the arching and clogging, taking ns 5 1, and modifying
the stress distribution function as given by Eq. (8d) in the following
form:
qðrÞ ¼ qs þ ge He

ð22Þ

JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGINEERING © ASCE / MARCH 2013 / 387

J. Geotech. Geoenviron. Eng. 2013.139:377-394.

Downloaded from ascelibrary.org by UNIVERSITY OF WOLLONGONG on 04/15/13. Copyright ASCE. For personal use only; all rights reserved.

Fig. 9. Plot of ns versus the average vertical stress on (a) column and (b) soil surface

Comparison of the present solution is made, as shown in Fig. 12(a),
with the analytical solutions of Barron (1948) and Hansbo (1981)
using the same computational parameters (N 5 2, kh =ks 5 10,
rs =rc 5 1:1, H=rc 5 20) except for ns 5 1. It is observed that the
results obtained using the present model are quite close to those of
Barron (1948) and Hansbo (1981).
A comparative analysis with the ﬁeld test results of the Ballina
Bypass (Indraratna 2009) was carried out. The Paciﬁc Highway
linking Sydney and Brisbane was constructed to reduce the high
trafﬁc congestion in Ballina. This bypass route must cross a ﬂoodplain consisting of highly compressible and saturated marine clay
deposits. A system of surcharge load with PVDs was adopted to
improve the geotechnical properties of the clay layers (Indraratna
2009). A soft silty layer of clay approximately 10 m thick was
underlain by a moderately stiff, silty layer of clay located 10–30 m
deep, which was in turn underlain by ﬁrm clay. The groundwater
level almost coincided with the ground surface. The computational
parameters used are in accordance with Indraratna (2009) and are
given in Table 1. The construction stages of the embankment are
shown in Fig. 12 (c). A coupled analysis was adopted, where the

dissipation of excess pore pressure was assumed to occur during
embankment construction. Each of the two ramp loadings was divided into 10 equal step loadings [Fig. 12(c)], and consolidation was
allowed at each step. The time-settlement curve is shown in Fig.
12(b). It is observed that in the case of PVDs, the computed timesettlement curve is in good agreement with the ﬁeld data, with an
average deviation of only about 5%. For t , 100 days (Tr , 0:23),
the computed settlement slightly underpredicts the ﬁeld measurements. For t . 100 days, the ﬁeld data plot below the predicted
settlement.

Model Limitations
Although the proposed ﬁnite-difference model can predict the timedependent response of stone column–reinforced soil to an acceptable accuracy, it has the following inherent limitations:
1. Although radial consolidation of soft ground with stone columns or PVDs is always accompanied by vertical ﬂow (Han
and Ye 2000), the latter was ignored in the present analysis.
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Fig. 10. Variation of (a) j with N; (b) j with H=rc ; and (c) Tr 0 with N

The role of vertical ﬂow becomes more signiﬁcant when the
columns become shorter.
2. When a soft clay deposit overlies a sand bed, Assumption 4 in
section Assumptions is no longer valid. The model should not
be used under these circumstances.
3. When considering the clogging effect, the value of the parameter a was assumed to remain constant throughout the

process of consolidation, whereas in reality, a may decrease
progressively from unity for freshly installed columns to
a lower value with time.
4. Although the model can analyze the consolidation of soft clay
under conventional step loading (i.e., at a rest period), it is
unable to accommodate the time-dependent ramp or cyclic
loadings.
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Fig. 11. Variation of improvement factor v with (a) time and (b) imposed load intensity

Conclusions
A ﬁnite-difference solution for predicting the stress distribution
and consolidation response of stone column–reinforced soft ground
based on the unit cell concept was developed based on the free
strain hypothesis, considering arching, smear, and clogging effects.
The comparison of the numerical results with the available ﬁeld
data and past theoretical studies justiﬁes the validity of the proposed model.
The study indicates that the clogging in the stone column
retards the overall consolidation process. The average ground
settlement increases with time, the rate of which stabilizes in an
asymptotic manner. The effect of clogging was found to inﬂuence
the pattern of settlement at the initial stage of consolidation
(0 , Tr , 0:04) as a increases from 0.5 to 1.0. Because the stress
distribution remains unaltered, the ultimate values of settlement
remain the same, and the effect of clogging only retards the rate of
settlement consolidation. The typical settlement proﬁle is observed to be parabolic, with the slope gradually diminishing with
the radial distance to zero at the unit cell boundary. When

clogging is ignored, the ground settlement at the interface does
not vary with time. Conversely, incorporation of clogging leads
to progressive increase of the ground settlement at the interface
with time.
The vertical stress distribution acting on the column and the
soil surface of the unit cell are signiﬁcantly affected by the relative stiffness of the column and the soil. With an increase in the
normalized vertical stress on the column within the range 2.3–6.3,
the resulting stress concentration ratio is observed to increase
sharply in the range of 2 # ns # 14 following a hyperbolic pattern
with increasing slope. The rate of stress increment is signiﬁcantly
high in the range of 2 , ns , 8 and stabilizes thereafter. On the
contrary, with the increase in the average stress on the soil surface
from 0.1 to 0.5, the parameter ns is observed to decrease almost
exponentially.
The magnitude of ground settlement is inﬂuenced by the variation of the radius and spacing of stone columns. When the parameters N and H=rc varied from 2 to 5 and 25 to 40, respectively, the
settlement factor j varied from 0.70 to 0.92. The value of j increases
with N and stabilizes asymptotically when N . 3:5. Conversely,
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Fig. 12. Application of the proposed model with PVD: (a) comparison with existing models of Barron (1948) and Hansbo (1981); (b) actual and
simulated construction stages; (c) comparison of average ground surface settlement with ﬁeld data of Indraratna (2009)

j decreases with H=rc , but the rate of this decrease is marginal when
H=rc $ 30. The time required to achieve a speciﬁed average degree
of consolidation increases in a curvilinear manner with N. For
90% consolidation, the slope of the curves is observed to decrease
with increasing N in the range 2 , N , 3 and thereafter increases
slowly.
The improvement factor v introduced in this study represents the
ratio of the minimum value of the instantaneous to initial undrained
shear strength of the soil at ground level. When Tr , 0:23, the value
of v increases quite sharply with time but stabilizes asymptotically

thereafter. With an increase in the load intensity, the value of v
increases fairly linearly.
The proposed model could also be used to predict the performance of ground improved with PVDs by ignoring the arching
and the clogging and taking ns 5 1. The results obtained using
the present model were quite close to those of Barron (1948)
and Hansbo (1981). A comparative study carried out with the
ﬁeld test results of the Ballina Bypass (Indraratna 2009) indicated good agreement, with an average deviation of within
about 5%.
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Appendix. Mathematical Derivations
Considering the ring element shown in Fig. 4, the volume of water
out of the soil mass through the inner vertical surface at time interval
dt is given as
∂u
Vo ¼ ðkh =g w Þ 2pr dz dt
∂r

ð23Þ
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where gw 5 unit weight of water.
Similarly, the ﬂow of water into the soil mass through the outer
vertical surface is given by

Vi ¼ ðkh =gw Þ ∂ u þ ∂u dr 2pðr þ drÞ dz dt
∂r
∂r

¼

u

6
6
6
6
½A ¼ 6
6
6
4

a11
a21
a31
2
2
amp,1



2
dV ¼ Vo 2 Vi ¼ ðkh =gw Þ 1 ∂u þ ∂ u2 2pr dr dz dt
r ∂r
∂r


2
¼ 2ðkh =gw Þ 1 ∂u þ ∂ u2 Vdt
r ∂r
∂r

a12
a22
a32
2
2
amp,2

T

¼ fu0 ð1Þ,0,0, . . . ,0, u0 ð2Þ,0,0, . . . ,0, u0 ð3Þ,0,0, . . . ,0; . . . . . . . . . , u0 ðmÞ,0,0, . . . ,0gT
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2
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ð26Þ
The coefﬁcients aij of the matrix [A] are obtained from Eq. (10) and
by applying the boundary conditions given in section Consolidation
of Soft Clay.
The compression of the soil element (Fig. 4) in the time interval dt is
given [using Eq. (10)] by
dr ¼

dV
¼ ðkh =gw Þ
2prdr



1 ∂u
∂2 u
∂u
þ 2 dz dt ¼ 2mv dz dt
r ∂r
∂r
∂t
ð27Þ

The preceding expression can be integrated to compute the displacement of a point (r, z) within the soil mass of the unit cell at time
instant t, and accordingly, Eq. (14) is obtained.
From the e-s0 relationship of the soft clay
e0 2 eði, j, kÞ
¼ mvi ð1 þ e0 Þ
s0 ði, j, kÞ 2 s00

ð28Þ

where s00 is the initial effective stress in the soil at the nodal point
under consideration. Eq. (28) can be rewritten as
s0 ði, j, kÞ
¼
s00

ð25Þ

where V 5 volume of the soil mass at time t 5 2pr dr dz.
The matrices in Eq. (11) are described:

u11 ; u12 ; u13 ; . . . ; u1p ; u21 ; u22 ; u23 ; . . . ; u2p ; u31 ; u32 ; u33 ; . . . ; u3p ; . . . . . . , um1 ; um2 ; um3 ; . . . ; ump
b

2

ð24Þ

Therefore, the net reduction in the volume of the soil element
at time interval dt is given (neglecting the higher order term)
by

1
e0 2 eði, j, kÞ
12
mvi ð1 þ e0 Þs0 ði, j, kÞ

ð29Þ

Following the analysis of Umezaki et al. (1993) regarding the
constant value of the undrained shear strength ratio of the soil
irrespective of the consolidation time, Eq. (19) was derived using
Eq. (29).

Notation
The following symbols are used in this paper:
½A 5 coefﬁcient matrix;
aij 5 elements of the ﬁnite difference coefﬁcient
matrix;
fbg 5 augment vector;
cu 5 undrained cohesion;
cu0 5 initial undrained cohesion at ground level;
cvr 5 coefﬁcient of radial consolidation of the
soil;
Ec , Es 5 elastic moduli of the column and the
surrounding soil;
e 5 void ratio;
e0 5 initial void ratio;
H 5 thickness of the soft clay deposit;
He 5 height of embankment;
i 5 radial coordinate indicator;
j 5 depth coordinate indicator;
Kp 5 passive earth pressure coefﬁcient of the
embankment;
k 5 time coordinate indicator;
kcl 5 horizontal permeability of clogged zone;
kh 5 horizontal soil permeability;
ks 5 horizontal permeability of smear zone;
k0 5 in situ earth pressure coefﬁcient at rest;
mv 5 soil volume compressibility;
mvc 5 volumetric compressibility of the column;
mvi 5 soil volume compressibility at the ith node;
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m, n, p 5 number of divisions;
N 5 re =rc ;
ns 5 ratio of the volumetric compressibility of the soil
to that of the column;
q 5 average vertical stress on unit cell upper
boundary;
qav 5 average vertical stress on the soil surface of the
unit cell;
qc 5 average vertical stress on top of column;
qs 5 surcharge load intensity on embankment surface;
q1 5 vertical stress on ground surface on soil at
interface;
q2 5 vertical stress on ground surface on soil at unit
cell boundary;
qðrÞ 5 vertical stress on ground surface at radial
distance r;
R 5 global radial coordinate;
r 5 radial coordinate of unit cell;
rc 5 radius of stone column;
rc 0 5 radius of stone column excluding the clogged
zone;
re 5 radius of inﬂuence of one stone column;
rs 5 radius of smear zone;
Tr 5 time factor 5 cvr t=ð4re2 Þ;
Tr 0 5 modiﬁed time factor 5 cvr t=H 2 ;
t 5 time coordinate;
tt 5 total time of consolidation;
U 5 degree of consolidation;
Ut 5 average degree of consolidation;
u 5 excess pore water pressure;
fug 5 excess pore water pressure vector;
ut 5 average excess pore water pressure at any time t;
V 5 volume of soil mass;
z 5 depth coordinate;
a 5 radius factor for clogging;
ak 5 permeability factor for clogging;
g 0 5 effective unit weight of soil;
ge 5 unit weight of ﬁll;
g w 5 unit weight of water;
dt 5 length of an element on time axis;
dr 5 length of an element on radial axis;
dz 5 length of an element on depth axis;
ɛ 5 vertical compressive strain in soil;
ɛ v 5 volumetric strain in soil;
zc 5 rate of increase in undrained cohesion of
soil;
u 5 global coordinate;
j 5 settlement factor;
r 5 vertical displacement of soil;
ru90 5 average settlement at ground surface of the
unreinforced soil at 90% consolidation;
r90 5 average settlement at ground surface of the
reinforced soil at 90% consolidation;
s0 5 effective stress in soil;
sR 5 normal stress in soil element along
R-direction;
su 5 normal stress in soil element along
u-direction;
x 5 a Poisson’s ratio function for the soil and the
column; and
v 5 improvement factor.
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